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Fluctuating motion in an active environment
Christian Maes
Instituut voor Theoretische Fysica, KU Leuven
We derive the fluctuation dynamics of a probe in weak linear coupling with a living
medium, modeled as particles undergoing an active Ornstein-Uhlenbeck dynamics.
The induced probe dynamics picks up additional terms with respect to the passive
case. The fluctuation-dissipation relation is satisfied only between the dissipative
part of the friction and the noise. The frenetic corrections can be written out ex-
plicitly in terms of time-correlations in the active medium. A first term changes
the inertial mass of the probe, as a consequence of the persistence of the active
medium. A second correction modifies the friction kernel. The resulting generalized
Langevin equation benchmarks the motion induced on probes immersed in active
versus passive media. The derivation uses nonequilibrium response theory.
I. INTRODUCTION
Since more than a century, mesoscopic physics uses the paradigm of Brownian motion
and its variations to describe fluctuating dynamics. Its impact has even been broader as
it has advanced the use of stochastic processes and the study of dynamical fluctuations in
physical phenomena and far beyond. The central idea is atomism, that the surrounding
heat bath consists of many fast moving atoms or molecules colliding with the particle,
simultaneously adding friction and noise. Under the systematics of the van Hove or weak
coupling limit, or as an application of the Zwanzig-Mori formalism, a Markov process
obtains for the particle motion suspended in that equilibrium environment [1–3]. The
resulting diffusion satisfies the fluctuation–dissipation relation as a result of time-reversal
invariance of the underlying Hamiltonian dynamics for system and environment together.
It implies that the induced motion satisfies detailed balance.
A similar strategy can be applied when particles are in contact with spatially well-separated
equilibrium reservoirs, mechanical, chemical or thermal as is the case. Then and again in
the suitable scaling limit, local detailed balance governs the fluctuating dynamics of the
system [4–7]. It allows a physically reasonable ground to study transport properties and
2fluctuations in the created currents. The revival of nonequilibrium statistical mechanics
during the last two decades has been mostly directed to such systems.
The present paper tackles a third stage of that problem, where we consider a probe
(or tracer) coupled directly to a nonequilibrium medium. In many interesting cases
that medium is active, where particle locomotion is coupled with internal or external
nonequilibrium degrees of freedom. Typical examples include self-propelled bacteria or
small beads, Janus particles, which can be optically or mechanically activated to run and
tumble [8–10]. It is often an excess in dynamical activity, a nonphoretic driving or more
generally, a breaking of the Einstein relation which results in such nonequilibrium behavior.
Various simplified models have been proposed for such media, and this paper takes the
active Ornstein-Uhlenbeck (AOU) process for the dynamics of their particles. The main
specific question is to integrate out the AOU-particles which are linearly coupled to a
passive probe and thus to derive the induced motion of the probe. Interestingly, we will
discover mass-generation on the probe from the persistence in the medium, and additional
(possibly negative) friction breaking the Einstein relation.
The interest of benchmarking fluctuating motion in active environments is clear from
the wealth of studies in experimental and theoretical microrheology and biophysics. An
important question is how persistence in the active particles’ motion is transferred to the
dynamics of the probe. Alternatively, probe motion can provide information about the
condition of the active medium, and its analysis may lead to diagnosing the quality or
efficiency of life proceses. But we first need to understand accurately how the activity
parameters play a role in the resulting fluctuating dynamics. Such studies are also supported
by the pleasant circumstance that possibilities of observation and manipulation of mesoscopic
kinetics have been growing sensationally, as witnessed e.g. by [11–18]. Developments using a
trajectory-based approach to response are in line with these new tools. Theoretical progress
on the nature of the induced motion has been reported in [12, 19–23], using a variety of
approximations and/or numerical work to characterize interacions and induced forces. To
the best of our knowledge however, the fluctuating dynamics of one or more probes in an
active bath has not been derived. We want a constructive approach enabling to see in exactly
what sense the probe gets activated. The methodology for such studies has been developed
first in [24, 25] for deriving the motion in nonequilibrium media satisfying local detailed
3balance. Yet, in the present case, the translational motion of the active particles making
the medium is nonMarkovian and far from even local detailed balance.
II. ACTIVE ORNSTEIN–UHLENBECK MEDIUM
A commonly used model for an active overdamped dynamics is through the introduction
of an Ornstein-Uhlenbeck noise; see [16, 26–34]. Its simplicity has allowed a rich variety
of simulation and theoretical studies, including confinement and interactions. It has
been studied in the context of motility-induced phase transitions [35, 36] but also for
modifications in glass physics [37], or other phenomena such as pressure on walls [38] etc.
The active Ornstein-Uhlenbeck (AOU)-dynamics is written in (2)–(3) for coupling with the
probe position. The activity resides in the colored noise v(s) relecting the pushes from
many hidden active components such as molecular motors. In that sense, an AOU-process
is thought to model the dynamics of tracers in living systems [39–41]. Here we use a probe
to trace a medium of AOU-particles.
We refer to a probe now instead of to a particle while the constituents of the active
medium are named particles. After all, those active particles usually do not at all represent
atoms, ions or molecules but are themselves (at least) micron-sized and in contact with an
equilibrium environment of thermal or chemical baths for dissipating their waste energy.
The probe is even bigger than the active particles, could be a wall, with fluctuations visible
in the dynamics for probes to tens of a micrometer in size [11]. Nevertheless, our study
remains conceptually a direct extension of the derivation of Brownian motion for a colloid
suspended in a thermal equilibrium bath. The same assumptions are made concerning time-
scale separation and weak linear coupling except for the equilibrium condition of the bath.
Detailed balance and even local detailed balance are indeed violated in the active medium.
We will not use knowledge of the stationary distribution of the medium, even though many
aspects are known for the simplest versions [34, 42, 43]. Instead, we use a method, trajectory-
based response theory [44], which is both applicable to more complicated situations and is
useful for obtaining the resulting fluctuating dynamics in explicit measureable quantities.
4III. RESULT
We derive a specific generalized Langevin equation from a coupled system of equations
where the activity of the medium gets represented by corrections to the inertia and the
friction on the probe. We start with the formal set-up. Denoting with Yt the position of the
probe with mass M at time t, its Newton equation (in one-dimensional notation always for
simplicity) reads
MY¨t = −λ
N∑
i=1
(Yt − xi(t)) (1)
and linearly couples (of strength λ) with N AOU-particles having positions xi(t). Their
overdamped dynamics is (for each particle)
x˙(s) = E v(s) + λµ (Ys − x(s))− µV ′(x(s)) (2)
τ v˙(s) = −v(s) +
√
2R ξ(s) (3)
Their activity depends on a persistence time τ and noise amplitudes E and R. The ξ(s)
is standard white noise representing further hidden degrees of freedom, possibly a thermal
bath at temperature ∝ R/τ . For τ = 0, v(s) = √2R ξ(s) can be substituted in (2) and
the medium becomes passive, characterized by an overdamped Langevin dynamics in con-
tact with an equilibrium bath at temperature T := E2R/(kBµ) for mobility µ. We use the
same notation in the active case as well, even though T no longer represents the physical
temperature then. The potential V = VN on each AOU-particle may effectively represent a
mean-field interaction, which gives interesting possibilities for (e.g. motility induced) phase
transitions but we do do not elaborate on that aspect here [36]. To make sure, other forces
and noise can be added to the Newton equation (1), even to the extent of making the motion
overdamped. All those would be additive to (1). We focus however on the main subject
which instead is to integrate out the active medium from (1).
We proceed under the usual assumptions where the probe’s motion is derived as an expan-
sion around the quasistatic limit, also known as the Born-Opperheimer approximation or
adiabatic limit; see e.g. [1–3]. It means that the probe is much slower with respect to the
AOU-particles enabling a study in the spirit of Einstein–Laub theory for probes in elec-
tromagnetic media. Secondly, but of less importance for the specific results, we assume a
weak linear coupling λ, possibly scaling with N and the duration of the coupling to ensure
5compatibility with the quasistatic regime.
For quasistatic reference process we replace the dynamics (2) with
x˙(s) = E v(s) + λµ (Yt − x(s))− µV ′(x(s)), s ≤ t (4)
for fixed probe position Yt. The OU-noise v(s) still works from (3). With (4), the resulting
x(s)−process enjoys a nonequilibrium nonMarkovian steady condition for which we denote
the statistical averaging by 〈·〉Ytτ , of course depending on the instantaneously-static probe
position Yt. Informally, the s−time of the AOU-particles in (4) runs much faster than the
t−time of the probe. In that quasistatic approximation, (1) becomes
MY¨t = −λN (Yt − 〈x〉Ytτ ) (5)
as if the active particle positions have relaxed to stationary expectations for the instan-
taneous probe position Yt. We use an expansion for (2) around that reference to average
out the AOU-medium from (1). The mathematical nature of the expansion is to take λN
constant while the coupling λ ↓ 0. At the same time, the probe’s massM ∝ N2 is large so to
have the probe’s time running slower at rate N−1 with respect to that of the AOU-particles.
The main result of this paper gives the following structure for the induced probe’s motion:
MY¨t = −λN Yt + λN〈x〉Ytτ (6)
−λ2N
∫ ∞
0
dsK(s) Y˙t−s +
√
λ2N ηt (7)
− τ 2λ
2N
2T
∫ ∞
0
ds Y¨t−s 〈x(s) ; E v(0)〉Ytτ (8)
+
λ2N
2T
∫ ∞
0
ds(Yt−s − Yt) 〈x(s);µV ′(x(0))− x˙(0))〉Ytτ (9)
We ignore terms of order O(λ3N). All expectations 〈·〉Ytτ refer to averages over the stationary
AOU-medium defined from (4). We come next to the physical interpretation of the various
terms in the probe evolution.
The first line (6) reflects the quasistatic limit (5), of leading order for small λ. In (7) the
friction kernel
K(s) =
1
T
〈x(s) ; x(0)〉Ytτ =
1
T
〈ηs ; η0〉Ytτ (10)
is proportional to the noise covariance as in the standard fluctuation–dissipation relation
(FDR). The noise ηt is stationary, has mean zero and becomes Gaussian white noise under
6the same conditions as in the passive equilibrium case, [1–3]. It picks up the distribution of
ηs =
1√
N
N∑
i=1
(
xi(s)− 〈x〉Ytτ
)
in the AOU-medium following (1). So far, lines (6)–(7) would also be present for a passive
medium, τ = 0, but the following two lines (8)–(9) would vanish. The third line (8) is explicit
in the persistence time τ and introduces extra inertia with a memory-kernel for extra mass
to the probe. The bare mass M of the probe gets modified via the time-correlation of the
position x(t) and the free OU-noise E v(s) = x˙(s) + µV ′(x(s)), as summarized in the shift
M →M + τ 2λ
2N
2T
∫ ∞
0
ds 〈x(s) ; x˙(0) + µV ′(x(0))〉Ytτ
assuming short memory. That can be seen as an instance of entropy production (due to
the active medium) renormalizing the inertial mass of the immersed probe. The final line
(9) is an additional friction, indeed proportional to Y˙t, but unbalanced by the noise. The
noise is in the first line (7) balancing the usual friction, while (9) is the explicit source of
violation of the FDR in the induced fluctuating dynamics. While (9) is of the same order as
the dissipative friction in (7), it may produce a negative contribution to the friction. The
fact that also this last line (9) vanishes for τ = 0 follows from the time-reversal invariance
in the passive equilibrium case.
The linear coupling between probe and AOU-particles is not truly physical, but is only a
mathematical simplification. For interaction potential Φ(|Yt − xi(t)|), we should think of
λ = Φ′′(0) (positive or negative) as measuring the effective spring constant at short distances.
IV. LINEAR RESPONSE FOR AN AOU-PARTICLE
To understand the method of deriving the induced dyamics (6)–(9) we turn to response
theory for AOU-particles. We rewrite the original model (2) for s ≤ t as
x˙(s) = E v(s)− µU ′(x(s)) + hs (11)
where the force hs = λµ(Ys− Yt) is interpreted as a time-dependent perturbation (indepen-
dent of x(s)) and the potential U(x) = V (x) + λ(Yt − x)2/2. We see that the perturbation
measures the distance between Ys, s ≤ t and Yt, and is around the quasistatic limit (4);
hs = 0 would imply that the AOU-medium relaxed at fixed probe position.
7Linear response for AOU-particles has been considered before in [12, 45, 46] but we use a
different approach. To organize the response theory for such a nonequilibrium process, we
use dynamical ensembles [44, 47]. The perturbed ensemble Probh[ω] = e−A Prob[ω] has a
density governed by an action A = Ah(ω) on trajectories ω of positions x(s), s ∈ [−∞, t]
and protocol (hs). That is also the starting point of the functional calculus method of Fox
[48] but the subsequent application is totally different.
While the OU-noise v(s) in (2) is not white, it is Gaussian. Therefore, the probability of a
trajectory ω of positions x(s), is proportional to
Probh[ω] ∝ exp−1
2
∫
ds
∫
ds′ Γ(s− s′)v(s)v(s′) (12)
where we must substitute
v(s) =
1
E (x˙(s) + µV
′(x(s))− hs)
and with symmetric kernel Γ(s) for which
∫
ds′ Γ(s− s′)〈v(s′)v(s′′)〉 = δ(s− s′′) (13)
Since (3) easily yields
〈v(s)v(s′)〉 = R
τ
e−|s−s
′|/τ (14)
we find Γ(s) = [δ(s)−τ 2δ¨(s)]/(2R) as solution of (13). We conclude that since the reference
ensemble has hs ≡ 0, to linear order the action is
Ah(ω) = − 1
2E2
∫
dsK(s) (x˙(s) + µV ′(x(s))) (15)
where the kernel equals K(s) = 2 ∫ ds′ h′s Γ(s− s′) = hs/R− τ 2h¨s/R. Since the AOU-model
(for τ > 0) does not show short-time diffusion, there is no difference here between e.g.
Stratonovich and Itoˆ conventions for the stochastic integral.
We consider the dynamics (11) and we wish to evaluate how single-time observations
(with a function f) get modified with respect to the nonequilibrium reference dynamics (2):
in terms of the average 〈·〉0 over the unperturbed dynamical ensemble, (with ωt = x(t))
〈f(x(t))〉h − 〈f(x(t))〉0 =
∫
D[ω] Prob[ω] f(ωt)[e−Ah(ω) − 1]
8where the action Ah is given in (15) and satisfies
〈e−Ah(ω)〉0 = 1 (16)
To linear order in h we thus have from (15),
〈f(x(t))〉h − 〈f(x(t))〉0 = 1
2E2
∫ t
−∞
dsKs
〈
f(x(t)) ;
(
x˙(s) + µV ′(x(s))
)〉0
(17)
where we took the covariance denoted by 〈A ;B〉0 = 〈AB〉0 − 〈A〉0〈B〉0, as allowed by (16).
There is a different interesting splitting of (17),
〈f(x(t))〉h − 〈f(x(t))〉0 = 1E2
∫ t
−∞
dsKs
〈
f(x(t)) ; x˙(s)
)〉0
(18)
+
1
2E2
∫ t
−∞
dsKs
〈
f(x(t)) ;
(
µV ′(x(s)− x˙(s)))〉0
The last line in (18) vanishes in the passive case τ = 0 because of time-reversal invariance
of the unperturbed dynamics; see Eq.59 in [44]. Note also that if τ = 0 (passive case), then
Ks = hs/R in the above and the first line of (18)) reproduces the Kubo formula. The active
case τ > 0 breaks time-reversal invariance of the steady unperturbed nonMarkov process
(xs) with expectations 〈·〉0. That implies that the frenetic contribution (= the last line of
(18)) essentially contributes to the linear response; see [47, 49, 50].
V. DERIVATION OF FLUCTUATION DYNAMICS
The slowly moving probe provides a stimulus to the AOU-medium. The linear response
theory of the previous section can therefore provide the first correction around the quasistatic
limit. The back-reaction of the AOU-particles on the probe determines its fluctuating mo-
tion. We refer to [24, 25, 51, 52] for systematic introductions to the general problem.
We let the probe follow a trajectory Ys, s ≤ t. The dynamical ensemble for the AOU-particle
trajectories ω is given by
Prob(ω|Ys, s ≤ t) = exp[−A(ω)] Prob(ω|Ys = Yt, for all s ≤ t) (19)
The left-hand side gives the weight on trajectories where the AOU-particle follows (11), i.e.,
is conditioned on probe trajectory (Ys)
t = (Ys, s ≤ t). The probability in the right hand-
side is the reference weight for AOU-particle trajectories supposing the probe has always
9been at the (final) position Yt; i.e., having hs ≡ 0 in (11). The linear response is thus
an expansion to first order around the reference probe trajectory Ys ≡ Yt. Taking small
hs = λµ (Ys − Yt) means that the probe has not wandered away too far in the past s ≤ t
over a time (λµ)−1 which combines the coupling to the probe with the mobility of the AOU-
particles. The reference quasistatic averages corresponding to (4) are 〈·〉0 = 〈·〉Ytτ and the
perturbed averages 〈·〉h = 〈·〉(Ys)tτ are for the original dynamics (2) over the AOU-medium.
The force of each AOU-particle (leaving out subscripts) on the probe is decomposed via
λ x(t) = λ〈x(t)〉h + ζt (20)
ζt := λ x(t)− λ〈x(t)〉h (21)
where ζt is a “noise” that depends on the medium and that has mean zero for every probe
trajectory (Ys)
t. We next employ the linear response relation (17) to the average force in
(20),
〈x(t)〉h = 〈x(t)〉0 + 1
2E2
∫ t
−∞
dsKs
〈
x(t) ;
(
x˙(s) + µV ′(x(s))
)〉0
(22)
where Ks = λµ (Ys − Yt − τ 2Y¨s)/R. In the integral of (22), the dissipative contribution to
the friction corresponds to the first term in the splitting (18),
∫ t
−∞
ds (Ys − Yt) 〈x(t) ; x˙(s)〉0 = −
∫ t
−∞
ds Y˙s 〈x(t) ; x(s))〉0
It gives the first term in (7) with friction kernel
K(t− s) = µE2R 〈x(t) ; x(s)〉
0 (23)
Again from (18), the second contribution to the integral in (22) is explicit in the persistence
and equals
λµτ 2
2RE2
∫ t
−∞
ds Y¨s 〈x(t) ; x˙(s) + µV ′(x(s))〉0 (24)
where the probe acceleration is coupled with the persistent speed of the AOU-particles. It
gives the third line (8) in the induced probe dynamics. To summarize, the force on the
probe by each active AOU-particle in (1) equals (20), and has been decomposed into
λ x(t) = λ〈x(t)〉0 − λ
∫ t
−∞
dsK(t− s) Y˙s + ζt
− λ
2µτ 2
2RE2
∫ t
−∞
ds Y¨s 〈x(t) ; x˙(s) + µV ′(x(s))〉0 (25)
+
µλ2
2R E2
∫ t
−∞
ds (Ys − Yt) 〈x(t);µV ′(x(s))− x˙(s))〉0
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In the passive case (τ = 0), the two last lines vanish; the last line vanishes under time-
reversal invariance of 〈·〉0 in the passive case, for the same reason as mentioned under (18).
Let us finally consider the noise ζt that first appeared in (20) and enters (in a rescaled
way) as ηt in (7). Its mean 〈ζt〉 = 0 and its covariance is
〈ζs ; ζs′〉 = λ2 〈x(s) ; x(s′)〉0 +O(h) (26)
We note that, in leading order and comparing with the friction kernel (23), both are of order
λ2 and
µ
E2R 〈ζs ; ζs′〉 = K(s− s
′)
which is the remnant (10) of the Einstein relation (taking kB = 1). Of course and as
also true in the passive case, the nature of the noise need not be determined by its
second moment. Whether it becomes Gaussian or even white noise depends on the steady
AOU-medium and on performing the full weak coupling limit. No additional complications
enter as long as the AOU-medium allows sufficient decay of spacetime correlations for the
central limit theorem to work.
VI. CONCLUSIONS AND OUTLOOK
Benchmarking the fluctuating dynamics of a probe immersed in an active medium is
a natural step beyond the derivation of Brownian motion for tagged particles suspended
in equilibrium baths. An expansion around the quasistatic limit has become possible by
an application of linear response theory around nonequilibrium steady conditions using
dynamical ensembles. The frenetic contribution adds to the dissipative part in the response
and produces extra terms in the induced probe dynamics. A first term modifies the effective
mass of the probe and is proportional to the persistence time. Persistence is inherited by the
probe from its interaction with the active medium, which effectively generates extra inertia
for the probe. The second term breaks the Einstein relation by giving a contribution to the
friction which is not compensated by the noise. In general that “extra” friction depends on
the mutual forces between the medium-particles and their correlation with the probe position
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as in the modified Sutherland–Einstein relation [50, 53] and in the Harada-Sasa equality [54].
The study and derivation in the present paper has been restricted to active Ornstein-
Uhlenbeck particles making the medium. That is the easiest case for being explicit in the
response formula. Similarly, the linearity of the coupling is not essential. The structure of
the derivation strongly suggests that the same properties and modifications will be found in
the induced probe dynamics for more general active media. We look forward to experimental
tests where both the mass-renormalization and the extra (possibly negative) friction would
be observed.
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